Numerical Analysis
Takehome Exam 1

Magnus Erik Hvass Pedersen (971055)
October 2004, Daimi, University of Aarhus

Introduction

Consider n-dimensional tridiagonal matrices of the following symmetric form:

1 g
g1 B
An(B) = )
., ﬁ
6 1
and of the form:
1 g
-8 1 B
B.(8) = .
.. ﬂ
-3 1

which is notably not skew-symmetric, as the diagonal is non-zero. Let a, b, and
¢ denote the diagonal vectors for these matrices, that is:

T=18-
with a = ¢ for A, (3), and for B, (f):
o =[]

where both a and ¢ are (n — 1)-dimensional. The diagonal vector b is n-
dimensional and filled with 1’s:

bl =11---1]

The following sections develop theory and methods for these particular kinds
of matrices, enabling us to rapidly compute various aspects, including LU-
factorization, the inverse, infinity norms, and condition numbers. These meth-
ods are then applied by hand to answer most of the questions posed in the exam,
but the results are also compared to those obtained with the computer program
MatLab. Finally, a small computer program implements the LU-factorization
and calculation of infinity-norms for such matrices.

LU-Factorization

To begin with, we wish to factor A, (3) into the product of a unit lower trian-
gular matrix L,(3), and an upper triangular matrix U,(8). This will be our
foundation in the development of properties and methods for these matrices.



If we initially ignore whether the elements of L, (/) and U, () are mutually
consistent, in that their product is a tridiagonal matrix of the desired form, then
it is clear that the lower triangular matrix can be of the form:

1
h 1
Ln(B) = (1)
lp—1 1
and the upper triangular matrix being:
d1 uy
dy  up
o Up—1
dn

since multiplying such matrices will produce values on the diagonal and to its
left and right. This is confirmed by performing the matrix multiplication, where
we find L, (8)U,(8) to be:

d1 (5%
lidy  lLiug +do U2
lods lous + d3 us

. Up—1
lnfldnfl lnflunfl + dn

Then for this L, (8)U,(8) to equal A,(3), we clearly have u = ¢, meaning that:
u; = f3
And for the diagonal b of the tridiagonal matrix, the following must be satisfied:
by = li—1ui—1 +d;
and since all b;’s equal 1, the first d; is easily found:
1l=b=dy
And rewriting the iterative case, we get:
l=b=lLi w1 +di=lL1f+di & di=1-1;_10
And as we have the following for a:
a; = l;d;

we can use the iterative case for d; as follows:
a;



where a; = 8 for A,(8), and —f for B, (). Since d; = 1 we have the following
for the base-case:
ay = lldl = ll

again meaning that [y = ay = 8 for A, (8), and [y = —0 for B,,(5).

So not only is the above form of the LU-factorization valid, we have also
found a recursive relationship between their elements. Because of the simple
dependence of I; on I;_1, it is plausible that there exist explicit (i.e. non-
recursive) expressions for I; and d;.

Algorithm

Let o = 8 if we are to LU-factorize A, (8), and « = —f for B, (8). From the
above, we have that the algorithm for LU-factorization is as follows:

e Set ll = Q.

e For each [; from i = 2 up to n — 1, set:
«a

C1-1aB
and note that t #£ 0 < [;_1 6 # 1 is a required condition.

li

e This completes the L, (8) matrix, now compute Uy, (53):
e Setdy=1landu; =fF forallie {1, ---,n—1}.

e For each d; from ¢ = 2 up to n, set:
di=1-1;_10 (4)

using [ from the L, () matrix. Note that we could reuse parts of the loop
calculating the [-vector, but we require one more iteration for calculating
the d-vector.

e This completes the upper triangular matrix U, (3).

Since there are no nested loops in the algorithm, it can directly be seen to be
of time-complexity O(n), with n being the dimensionality of the tridiagonal ma-
trix in question. This is a significant improvement over Doolittle’s factorization
[1, p. 155].

Inverse Matrix
If we can find an LU-factorization of a matrix A, then its inverse is also given

by:
At =@u)yt=utLt (5)



Finding L' can be done using Gaussian elimination:
(L)~ ~ [T L7Y]

and similarly for U~!. Nevertheless, some shortcuts can be taken, from assum-
ing the special form of L, (3) and U, ().

Inverse of L, (5)

Beginning with the unit lower triangular L, (8) from Eq.(1), we have the fol-
lowing sequence of eliminations:

M1 1
I 1 1
lo 1 1
[Ln(B) [ 1]~ Ils 1 1
L ln—1 1 1
M1 1
0 1 -1
o 1 1
~ I3 1 1
L ln—1 1 1
1 1
0 1 -l 1
1 il =l 1
~ I3 1 1
L ln—1 1 1
1 1
0 1 -l 1
1 l1lo —ls 1
~ 0 1 —llals lols —l3 1
L ln—1 1 1

~

From this, the following structure is evident® for L *(3) (or L~! for short):
0 Lif i < j
L;jl =<{ 1 . yifi=7 (6)
(—=1)itd Hz;lj lp , otherwise, i.e. if i > j
where Li—j1 is of course taken to mean the element at the i’th row and j’th
column of matrix L~!. Note that the above structure is independent of whether

1But could be proven more formally with induction.



L is the lower triangular matrix for 4,,(3) or B, (3),? and also note that L *(3)
is itself a unit lower triangular matrix.
The algorithm for creating L. *(3) is given by:

e Assign 1’s to the diagonal, i.e. for i = 1 to n do the following;:
L;'=1
and assign 0’s in the upper triangle, that is whenever i < j:

L7t=0

ij
e For each row ¢ = 2 to n do the following:

— Compute the i’th row from the (i — 1)’th row, by assigning each
column element before the diagonal, i.e. from j =1 up to ¢ — 1, as
follows:

-1 -1
Li; = *L(iq,j) “lica

Which clearly works in quadratic time and space as all the elements of the n x n

matrix are either assigned or calculated with a fixed number of operations.

2That is, L=t will be different for A, (3) and B, (3), but the structure of L;'(3) is the
same, as is the formula for calculating it.



Inverse of U, (5)

The inverse of the upper triangular matrix U, (3) from Eq.(2), is also reduced
by Gaussian elimination:

[Un(8) 1]
rdi S 1
~ dn_o 1] 1
dn—l B 1
L dy, 1
fdi [ 1
~ dn_o Jé; 1
dn—1 [ 1
L 1 dy!
[ d1 1] 1
~ dn72 6 1
dn-1 O 1 —d;'p
L 1 dn’
di B 1
~ dn72 ﬂ 1
1o dyty —dld'
L 1 dy"
di 1] 1
~ A2 1 —d, B d,td,' B
1 d,ty  —dtdy!
L 1 d;!
di 1] 1
~ 1o dyty —d l,d B dytydtdyt B
10 d,ty —d,td' B
L 1 d;!

~

Although a bit more involved than for L, 1(3), the structure for U, *(3) (or
U~! for short) is as follows:?

{0 Jifi> g

-1 _ )
Uj = (71)i+jﬂj*i Hi:i d,;l , otherwise, i.e. if 1 < j 0

)

3 Again, this could be proven more formally using induction.



Which is again an upper triangular matrix.
The algorithm for creating U, () is similar to that for creating L, (83),
but its main loop iterates backwards through the rows of the matrix instead:

e Assign the diagonal elements, i.e. for i = 1 to n do the following:

Ul =gt

?

and assign 0’s in the lower triangle, that is whenever ¢ > j, we have:

U:l=0

ij
e For each row from ¢ = n — 1 down to 1 do the following:

— Compute the ¢’th row from the (i + 1)’th row, by assigning each
column element after the diagonal, i.e. from j = ¢+ 1 up to n, as
follows:

-1 -1 -1
Uy ==V di B

Which also works in quadratic time and space.

Inverse of A,(5)

Now having obtained the lower triangular matrix L~! and the upper triangular
matrix U~!, we may calculate the inverse of A,,(3) using Eq.(5) as follows:

A—l _ U—lL—l
meaning the elements of A~1 are given by:
-1 _ —17-1 _ —17-1
TR T SR
s=1 s=max(%,j)

since the upper triangle of L~! and the lower triangle of U ! only contain zeros.
But as A is also symmetric, we have that:

I = (AAfl)T _ (Afl)TAT _ (Afl)TA
and because the inverse is unique, this means that the inverse is also symmetric:
A—l — (A—l)T

and we can therefore limit our attention to one half of the inverse matrix, or
more specifically, the elements A;jl for which i < j, so that we have:

Al = zn: U, 'Ly = XH:U;IL;
s=]

s=max(,5)



But since L;jl is defined differently for the case i = j, we must rewrite as follows:
n n
-1 —17-1 —17-1 -1 —17-1
Ay =U; L + Z Us Ly =U; + Z Uy Ly
s=j+1 s=j+1

From Egs.(6) and (7) above, we then have:

s—1
71 _ z+jﬂj % Hd + Z ( z+sgs 7 Hd ) (_1)s+j H lk

s=j+1
which can be simplified somewhat to:
At = (-1 Hd + Z 5 (Hd ) 11 % (8)
s=j+1 k=j
again with ¢ < j, and with the rest of the matrix being assigned as follows:
A; Aj_l , 1>
So unless we explicitly need the inverse of L, (8) and U, (8) for some other
purpose, it is not necessary to compute them in order to find the inverse of
A (), all we need is to compute the vectors [ and d, and then use Eq.(8).
Computing A, '(8) in Quadratic Time

To create an efficient algorithm we seek a way to generate the elements of the
inverse matrix from their neighbours. If we write out Eq.(8) for 4 — 1, we find
that A(_il_l_j) equals:

s s—1
(1)t g de +zﬂs(ndk1)~ In
k=j

k=i—1 =j+1 k=i—1
which can be rewritten to:
) ) ‘ s—1

()0 g | H ey (Hd ) [Tt
_]+1 1
and noting that (—1)¢~1D+ = (=1)0+D+i = (—1)(—1)"*J, we then find:

1 -1

A(z 1 ]) ﬁ : di—l

for i < j, and the rest of the matrix generated symmetrically. We may also view
this from the perspective of row ¢, and equivalently have:

-1 _ 1 1
A i = —B-d; A(ZH ) (9)



Now we just need to find the diagonal of A~!, which can be computed in
linear time, beginning with the last element:

Ay =d,*

and then computing the rest of the diagonal by traversing it backwards. That
is, for 4 = n — 1 down to 1, compute the following:

-1 _ -1 -1
A7 = (1481 AT ) (10)

which can be shown by induction, or one might be informally convinced by
studying the form of the L= and U~! matrices above.

The diagonal is computed in linear time and each column-element above the
diagonal uses a fixed amount of computational time. We therefore have that
the algorithm for computing A !(3) using Egs.(9) and (10) uses constant time
for each element, and is hence of O(n?) time complexity. Once more, note that
no time and space is required to construct the L=! and U~! matrices, because
only the I- and d-vectors are being used.

Symmetries of A 1(3)

In the algorithm for computing the lower triangle of A 1(3), we use that A,,1(3)
is a symmetric matrix. Symmetry can be thought of, as the matrix mirroring
itself around the diagonal axis from the element at position (1,1) and down to
(n,n). However, there is another symmetry present in both A, 1(3) and B, *(3),
which will be exploited in the computation of their matrix norms below. In lack
of a better name, let us refer to it as cross-symmetry, because it mirrors the
matrix onto itself around the axis going from position (1,7n) down to (n,1). To
prove that this symmetry exists, first define the cross-transpose as:

(A%)ij = A jr1n—it1) (11)
with a cross-symmetric matrix thus satisfying:
AT =4 (12)

The proof that the inverse of a cross-symmetric matrix is itself cross-symmetric,
resembles the above proof concering the regular matrix-transposition. To this
end, we will first need to prove the following property of the cross-transpose of
a product:

(AB)T = BTAT

Remembering that an element in the result of a matrix-product is given by:

n

(AB)ij = AisBs;

s=1



we have from the definition in Eq.(11) that:

n
(AB)}; = (AB)(n—j+1,n—it1) = ZA(nfijLs)B(s,nfi«H)
s=1

And similarly we have the product of two cross-transposed matrices:

(BTAT)ij = Z BEqAEj = ZB(nfs+1,n7i+1)A(nfjJrl,nferl)
s=1

s=1

But the difference between these two expressions lies merely in the direction of
the summation. To see this, let s’ = n — s+ 1 be a new summation-index. we
then have:

n
(B"A")i; = > By m—isAm—js1.) = (AB)]]
s'=1
which proves the property. Using this, we can now show that if some matrix A
is cross-symmetric and invertible, then its inverse is also cross-symmetric. We
have that:
I = I'Jl‘ — (AAfl)'Jl‘ — (Afl)'JTAT — (Afl)’]I‘A

where the last equality stems from the assumption on cross-symmetry. Since
the inverse matrix is unique and therefore the only matrix having the property
AA! = A='A = I, we have that:

AT = (AT (13)

so the inverse is indeed also cross-symmetric.

This means that A, !(3) can be generated by producing just a fourth of the
matrix using Egs.(10) and (9), the other fourth by cross-symmetric duplication
of elements, and the last half by symmetric duplication of elements. The same
goes for B, 1(3), with the only difference being its alternation of sign in its
symmetric duplication, as proved next.

Inverse of B, ()

As long as the I- and d-vectors are found from B, (), Eqs.(9) and (8) can also
be used to calculate the upper triangle of B, (), but the lower triangle is
unfortunately not simply its transpose, as was the case with A, 1(3).

Relationship Between Elements in B, 1(3)

To deduce the lower triangular part of B, 1(3) from its upper triangular part,
first note that:
BB '=B"'B=1

10



and therefore that I;; equals row i of B multiplied with column j of B~!, and
this also equals row i of B~! multiplied with column j of B:

I = iBingjl = z:B;lst

Since B is of the particular tridiagonal form with B;; = 0 for j & {i—1,4,i+1},
we have that:
-1 -1 -1
lij = Bii-1)B_y 5y + BiuBij + Bliiv)) Bty )
but also:
-1 -1 -1
Lij = B(i,jfl)B(jflyj) + Bi; Bjj + B(i,j+1)B(j+17j)
Putting these two identities together, and using that B;; = 1, By =
Biio1) = —3, and Biiv1) = Bli-1,) = B, we have:
-1 -1 —1 _ anp-1 -1 —1
BBt By BBty = BB o0y T By — BB 4
which is equivalent to:
—1 _ np-1 —1 _ n-1
Bivry = Bamij + Baj-n ~ Bajey
where we let Bigl =0fort: <0Vi>mnorj <0Vj>n. From this, the
local relationship between elements in B, (), can be likened to a geometric
rhombus, and through rearranging and changes of indices, we get:

Biy = Balay+Baliin — Bilim (14)
By = Bliay ~ Batvs-n T Batii (15)
Biy = Bavigey = Balijn + Baje (16)
By = BuligntBiyoa ~ Buii (17)

which are all equivalent, but suitable for different situations. For example
Eq.(14) relates the element at position (i,5) to elements above it in the ma-
trix, whereas Eq.(15) relates it to elements below in the matrix. Keeping this
rhombus-structure in mind, will easen the understanding of the sections to fol-
low, and provide insight into why particular assumptions were made, and the
inductive proofs made the way they are.

Various Symmetries of B, !(3)
If we try setting ¢ = 2 and j = 1 in Eq.(14), we have:
-1 —1 -1 —1 -1
B(2,1) =B nt B(l,o) - B =-B

(0, (1,2) (1,2)
Now assume that B(_iil,i72) = fB(_iimﬂ.) holds. From Eq.(14) we find that
the element at position (i, — 1) is:
-1 _ p—1 —1 _ n-1
B(i,ifl) = B(i72,i71) + B(ifl,i72) B(ifl,i)

11



and using the assumption to cancel out the (i — 2,7 — 1) elements, we get:

-1 . p-1
B(i,i—l)* B(i—l,i)

So it was shown inductively, that the elements directly below the diagonal in
B~ are equal to the negated elements directly above the diagonal. Now set
(i,j) = (3,1) in Ba.(14):
-1 -1 -1 -1 -1 -1
By = Bay + Beo ~ Bey = Bay ~ Bea

and then using Eq.(17) for the position (7,7) = (1, 3):

1 1 -1 -1 -1 -1
By =Bz + Bany — Bea = Bay — Bey
so we then have:
1 1
By =B

Then assuming the following holds for ¢/ =1 — 1:

B} = B}

(i’,i'—2) (i’ —2,3")

we wish to show that it also holds for ¢ = i. Proceed by inserting (7, j) = (4,i—2)
in Eq.(16):
-1 _ p-1 ~1 _p-1
Bliicay=Bulai o)t Bulris — Buaiiy
and setting (i,7) = (i — 2,4) in Eq.(14) gives us:
-1 _ p-1 -1 _p-l
B oy =Bulsiy T Bareio — Buliioy

and holding these two together, we have:

-1 -1 _ p-1 -1
B(i,i—Q) - B(i—l,i—3) = B(i—?,i) B(i—S,i—l)

but from the assumption we have that B(Z‘£1,i*3) = Baig,Fly and therefore:

1 —1
B(z’,i—2) = B(i—?,i)

as we wanted to show.

General Symmetry of B, !(3)

The results of the previous section suggest that the general relationship between
elements in the lower and upper triangular parts of B~!, are as follows:

B! = (-1)"". B! (18)

which obviously holds for i = j, and was shown above, to also hold for j =7—1
and j = ¢ — 2. To prove it in general, we consider elements at a row- or column-
wise distance of k from the diagonal, that is, we wish to prove Eq.(18) holds for
j=i—kori=j+k, withk > 0:

-1 k -1
Biiigy = (0" By (19)

12



Again, the three first cases were proved above, so we now assume that Eq.(18)
holds for j =i — Kk’ for all ¥’ < k, and then need to show that it also holds for
k' = k. First, by using Eq.(17) we have that the element at position (1 + &, 1)
is:

-1 -1 -1 -1 1 -1
Bk = B, T Boy = Bz = Br—11) — Bro

and by setting (4,7) = (1,1 + k) in Eq.(17) also, we get:

1 1 1 —1 1 —1
Biasky = Bowy T Bak—1) = Bax = Bak-1) ~ Baw

From the assumption we have that:

1 k— —1 k —1
By = (D) By = (D" By
And note for the remaining part with (¢, j) = (k, 2), that j = i—k+2 = i—(k—2),
and hence using the assumption again we have:

1 k+2  p-1 k. p-1
Biay = (1" By = (=1)" - By,

Using all of this, we have:

Which means that the element at the (14 %, 1)’th position in the inverse matrix,
also satisfies Eq.(18). To show this also holds for all the other elements at a row-
or column-wise distance of k to the diagonal, we use induction-within-induction,
which is a tad more intricate. That is, assume the following holds:

~1 _ K p-1

B(i’-‘rk’,i’) = (=1 'B(z‘mi'ﬂc')

for all i when k' < k (this is the outer-induction), and for i’ < ¢ when k' = k
(this is the inner-induction, that we are dealing with now), and then show that
it also holds for i = ¢ when ¥’ = k. To do this, insert (i,5) = (i + k,4) into
Eq.(14):

-1 _ p-1 -1 —1
B(i+k,i) = B(i+k—2,i) + B(i—l—i—k,i—l) - B(i+k—1,i+1) (20)

and then set (i,7) = (i,7+ k) also in Eq.(14):

-1 _ p-1 -1 -1
B(i,iJrk) = B(i71,i71+k) + B(i,i+k72) - B(i+1,i+k71) (21)
From the assumption on the outer-induction we have:
-1 -1 k-2 p-1 E p-1
B(i+k—2,i) = B(i+(k—2),z‘) =(=1) ‘B(i,i+(k—2)) =(=1) 'B(z’,i+k—2)

And from the assumption on the inner-induction we have:

-1 kE p—1
B(i—1+k,i—1) =(=1) 'B(i—l,i—1+k)

13



By noticing that (i +k —1,i+1) = (i + 1+ (k — 2),4 + 1), and this position
is covered by the assumption for the outer-induction with ¥’ = k — 2, then we
have:

371 (_1)(i+k—1)+(i+1) . 371

_ k. p—1
(i+k—1,i4+1) — B

(i+1,i+k—1) — (=1 (i41,i+k—1)

So replacing these three identities back into Eq.(20), we have:

-1 _ k -1 -1 1
Bty = (=17 (B(i,i+kf2) T Bk B(i71,i71+k))
which can be used with Eq.(21) to yield:

-1 _ E -1
B(iJrk,i) = (1) 'B(i,i+k)

as we wanted to prove. To sum up the entire proof, first Eq.(18) was shown
for the diagonal and its two sub-diagonals. Then it was shown, that given any
row-distance k to the diagonal, the element at position (1 + k, 1) of the matrix
B (), also satisfies Eq.(18). And finally it was shown that for any row-number

i, the element at position (i + k,4) (and hence (i — k, 7)) satisfies Eq.(18) also,
and the conclusion is therefore, that all elements of B, 1(3) satisfy Eq.(18).

Condition Number
The condition-number for a matrix A is defined as:
K(A) = [lA][|A7Y

Since different matrix-norms are equivalent (but not equal) in regards to their
magnitude, we may just as well choose the norm || 4,,(3)|| that has the simplest
form. For an n-dimensional vector z, use the [, vector-norm:

[2]loe = max [z
1<i<n

which means the subordinate matrix-norm can be proven to be the largest sum
of the absolute row-elements:

n

14]lse = sup {[lAull : uw € R”, flufloc =1} =+ = max _ 1 ;|
i=

So for these tridiagonal matrix-forms, we have the simple expression:

[An(B)lloc = [1Bn(B)llc =1+ 2|8

regardless of the dimensionality n.

14



I1l- or Well-Conditioned Matrix?

If we were only interested in whether A was ill-conditioned or not, that is,
whether k was high or low, then we could use the following inequality for matrix-
norms to give us an upper boundary or approximation called ®(A):

w(A) = A AT = AT LT < AT THHIZTHE = R(A)

and similarly for B, (5).

Computing ||L,'(8)|l« in Linear Time & Space
The naive algorithm for calculating || L~} is as follows:
o Set maz = 1.

e For i =2 to n, do the following:

— Let the temporary value sum, be defined as the sum of the absolute

elements in a row:
i—1

sum = 1+Z\Li_j1|

j=1
where L;jl is as defined in Eq.(6).

— If sum > max then max «— sum.
e Now we have: ||L7!||o = maz.

But looking at the form of the L, () matrix above, one might think that
its last row is the one with the highest sum, and hence the one used as the
matrix-norm. Let sz,(7) be the sum of the absolute elements of row 7 in L, (),
defined as:

sp(i) = T |lioa [+ [lioa |- [lima |+ |l |- [l [lims[ 4+ -+ |lia |- [liza| - [li=s| - - - [I1]
where we have used |a - b| = |a| - |b|. The expression can be simplified to:
sp(i) =1+ [lima|(X + [lima| (1 + [lims] -+ - (1 + 1))

which can be seen to be of the recursive form:

sp(d) =1+ |liy|sp(i— 1) (22)
with the sum for the first row in L. *(3) being:

sp(1)=1

Now we wish to show inductively, that:

Vi <i:sp(k) <sp(i)

15



The base case i = 2 is easily found to be true:
SL(Q) =1+ |l1|SL(1) =1+ |ll‘ >1= SL(l)

Now assume the hypothesis is true for ¢ — 1, and show that it also holds for 1.
First note that sy () is positive (and hence also non-zero) whenever sy (i — 1)
is, we then have:
SL(i) =1+ |li,1‘SL(7:— 1) > SL(i— 1) 4 |li,1| > SLS(z(Zi)l)l =1- ﬁ
So without further knowledge about |l;—;| — which is complicated to deduce
due to the recursive form of Eq.(3) — we can not generally assume that this
inequality holds, and are therefore forced to compute and compare all sy, (%)’s
to find the largest one, which is then ||L;1(3)]|.

However, Eq.(22) does give us an easy formula for accumulating the tempo-
rary row-sum, and thus computing || L, 1(3)]|s in linear time, with the algorithm
being:

e Set max = sum = 1, where sum is the accumulated sum.

e For i = 2 up to n, do the following:
— Update the accumulated sum:
sum «— 1+ |l;—1|sum
— If sum > max then mazx «— sum.

e Now we have: ||L;'(8)|c = max.

Note that we only require the vector [ for this algorithm, and therefore do
not need to construct the actual L,!(3) matrix at all, so the matrix norm
|L;;1(8)|loo is computable in linear space as well as linear time. In fact, we
could compute sy (i) after having computed the i’th element of the l-vector,
that is [;, and thereby save the storage for [ to obtain an algorithm having
linear time but constant space usage.

Computing ||U;!(8)||e in Linear Time & Space

From Eq.(7) we have that the sum sy (¢) of the absolute elements of the i'th
row in U, 1(B) is:

SU<i) = Z

k=i

k
ﬁk_i H d;zl

m=1

Which can be shown inductively, to have the recursive form:

su(i) = |d ' - (L+18]) - su(i+1)
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where it should be noted that sy (i) is defined from sy (i + 1) instead of from
sy (i — 1), with the base case then being:

su(n) = |d,"|
So the algorithm for calculating ||U,,;(8)|c0 is:
e Set maz = sum = |d;;!|, where sum is the accumulated sum.
e For i =n — 1 down to 1, do the following:
— Update the accumulated sum:
sum «— |d; |- (14 |8]) - sum
— If sum > max then max < sum.

e Now we have: ||U,1(8)| s~ = maz.

Obviously this algorithm uses O(n) time, and since we only require data storage
for the vector d, the algorithm also only consumes linear space. It is not possible
to interleave the computation of each sy (i) after each of I; and d; have been
computed, because the above summation algorithm traverses d backwards from
element n down to 1, as opposed to the previous summation algorithm for
computing ||L,;1(8)]|oo from sz.(i). We can however limit the storage to that of
the d-vector.

Computing ||A,'(8)]|« in Linear Time & Space

The upper boundary % on the condition number, along with the above algo-
rithms for computing ||L,;1(3)]« and |U,; *(8)|le, were developed before the
below algorithm for computing || A, 1(3)||e in linear time and space was discov-
ered.

First define ¢(7) as the sum of the absolute elements from the diagonal and

to its right, that is:
Hi) =3 143
k=i

The sequence of ¢(i)’s for i € {1,--- ,n}, can be computed by first having:

t(n) = A,
and then computing the rest of the ¢(i)’s starting with ¢ = n — 1 as follows:
N a1 . B
t(i) =|A; | +t(i+1)- T
1

where Eq.(9) was used to incorporate t(i+1) into the calculation of ¢(i). Now us-
ing that A, 1(f3) is both symmetric and cross-symmetric as described by Eq.(13),
we have that the actual sum s(i) of row i in A, 1(3) is given by:

s(i) = t(i) +t(n —i+1) —|A;Y (23)
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which means that we may limit our attention to finding the maximum s(i) for
half of the rows:
(i)

So the algorithm is first to compute the I- and d-vectors, then the diagonal of
A-Y(B), and from these the temporary sum ¢(i) for each row 4, and finally the
sums s(4) for half of the rows, and taking the maximum one of them. Hence,

the algorithm uses both linear time and space.

147 (B)lloo =

max S
i€{1,<~~ ,|—’I’7,/2-|}

Computing ||B,!(3)|| in Linear Time & Space

Since B, 1(f3) is cross-symmetric, but also — with the exception of the sign of
the elements — symmetric in regards to regular transposition, then its infinity
norm can be found in the same way as for A, 1(3).

Non-Iterative Computation

If non-recursive expressions were known for Eqs.(3) and (4), then it is plau-
sible that there would be explicit expressions for ||L,1(8)|| and ||U, *(8)]|, so
that iterative algorithms would not be needed in the computation of the upper
boundary (4, (5)).

Based on non-recursive expressions for Eqgs.(3) and (4), there could even
exist simple expressions for calculating || 4, !(3)||« directly, without using any
algorithmic iterations either.

Question 1

Now compute the LU-factorization of As(1/4). First we have l; = 1/4, and
then Eq.(3) yields:

oo 1/4 144
T 1-nB 1-1/4-1/4 " 15/16 15
And then:
- 1/4 14 15
ST 1-4/15-1/4 T 14/15 56
And finally:
- 1/4 14 56
YT1-15/56-1/4 T 209/224 209

For the upper triangular matrix, we first have d; = 1, and from Eq.(4), we
find that: do = 15/16, d3 = 14/15, d4 = 209/224, and finally:

ds=1—1;-1/4=1-56/209-1/4 =1 — 14/209 = 195/209
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We therefore have:

1
1/4 1
Ls(1/4) = 4/15 1
15/56 1
56/209 1
and:
1 1/4
15/16  1/4
Us(1/4) = 14/15 1/4
209/224 1/4

195/209
Which has been verified by hand, to result in L5(1/4)Us(1/4) = A5(1/4).

Question 2
The last diagonal element of the inverse is given by:

Azl =dg ' =209/195

)

and using Eq.(10), we find the rest of the diagonal:
Ayl = (14 81y Azy) dyt = (1+1/4-56/209 - 209/195) 224/209 = 224/195

Az = (1+1/4-15/56-224/195)15/14 = 15/13
Ayl = (1+1/4-4/15-15/13)16/15 = 224/195
Al = (1+1/4-1/4-224/195) = 209/195
Where it should be noted that we could just as well have used the cross-
symmetric property, immediately resulting in A} = Azl and Ay = Ay
Now, from Eq.(9) we have the elements ¢ € {1,---,4} above the diagonal for

column j = 5:

1 224 209 56
Alt=_pg.gl Azt =_-. 22222 _
45 pdy 55 4 209 195 195

1. 15 (_fﬁi)_.j;
374 14 1957 13

a1 16 1 4
25 4 15 13 195
1 4 1

AL =2 ] (——) = —
15 4 (195) 195
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Again we could use the cross-symmetry of the inverse matrix, but instead we
calculate the entire upper triangular matrix. So for column j = 4 we have:

1 15 224 4
4 14 195 13

116 4 16
4 15 13

A?;Ll = *ﬁ'dgl 'AZ41 =

Al = =
24 195
1 1 4
A1—41:_,.1.76:——
4 195 195

And for column j = 3 we have:

116 15 4

4 15 13 13
1 4. 1

A1—31:_1.1.(_ﬁ)zﬁ

Ay = —Bdy’ - Agy =

And for column j = 2 we have:
1 224 56
At =_pg. g7t Azl 2. 1.2 - _—
12 Brdi - Ax 4 195 195

And then transposing all of this to the lower triangle of A~! also, we find that:

209 _ 56 1 _ 4 1
- S R (A
195 19 19 195
wom=| % 5 BT

R R T

195 ~ 195 13 195 195

In preparation of using Eq.(23) to calculate || A5 *(1/4)||o0, We have that the
temporary sums of the absolute row-elements (i.e. the diagonal and the elements
to their right), are as follows:

209
t(5) = Az | = =
(5) | 55 195
- Bl 224 209 | 1/4 56
t4) = AG+t0B) || = o+ T e | = o
(4) = A [ +1(5) ‘d4 195 195 |209/224| 39
15 56 | 1/4 20
t e — — — —_ —_——
B =135 ’14/15 13
224 56 1/4 304
12)=-——+4+ = |=72| ==
(2) 195 39 ’15/16 195
j1y— 209, 304 |1/4] 285
195 195 | 1| 195
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And then using Eq.(23) we have that the actual row-sums are:

285
) =t(1)="=
s(1) = t(1) = 1o
360
2) = (2 4) — |Asf| = =
3(2) = 1(2) +1(4) - |45} | = T
25 375
= t(3) — |Ag| = = = =——
$(3) = H3) + 403) — 1458 | = T3 = T
So we have: 975
A71 = ) = ——
1474 D)l = max s(6) = T52

And therefore:
375 3 375 75

W(A5(1/49) = [An(B) oo AT Blloe = (1+2-18)) - T2 =220 = 2

which approximately equals 2.8846.

Question 3.1

Now compute the LU-factorization of Bs(1/4). First note that although the
formulae are very similar to those of factorizing As(1/4), the numerator in
computing I; from Eq.(3) is now negative, which propagates through the rest of
the [;.’s for k > i. We therefore have:

ly =

lh=—1/4
o vt . __ 14 4
T 14 1/4-1/4 T 17160 17
14 14T
ST U147/ 18/1T T2
1/4 1/4 72

T1+17/72-1/4 T T 305/288 305
This gives us the following diagonal of the upper triangular matrix:
dy =1
dy =17/16
ds = 18/17
ds = 305/288
And finally we have:

ds =1+4+72/305-1/4 =1+ 18/305 = 323/305
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This means that for B5(1/4) we have:

1
~1/4 1
L5(1/4) = —4/17 1
—17/72 1
i —72/305 1 ]
and: _ _
1 1/4
17/16  1/4
Us(1/4) = 18/17 1/4
305/288 1/4
i 323/305 ]

And it has once more been checked by hand, that the above factoring indeed
yields L5(1/4)Us(1/4) = Bs(1/4).

Question 3.2

The upper triangle of By '(1/4) is found similarly to that of A5'(1/4), starting
with the last diagonal element of the inverse:

Bil = d3 ' =305/323
and then using Eq.(10), we find the rest of the diagonal:
Byl = (1481 B3 )dy' = (1+1/4-(—72/305) - 305/323) 288/305 = 288/323

Byl = (1+1/4-(—17/72) - 288/323) 17/18 = 289/323

Because of cross-symmetry we stop calculating the diagonal here, and use Eq.(9)
to find the elements above the diagonal for row i € {1,--- ,4} and column j = 5:

1 288 305 72

Bl=_—p.¢t. Bl=o—2. .22 .2 __°
4 f-di - Bss 4 305 323 323

1 17 72 1

Bil=—Z..(—2)y=_—_
35 4 18 ( 323) 19
g1t 161 4
25 4 17 19 323

1 4 1
Bil=—-Z.1.(——)=——
15 4 (323) 323

Again because of cross-symmetry we only need to calculate B;ll for i € {2,3}
as By' = Bys', so we have:

1 17 288 4

Byl =—Fds' B =1 33" 1o
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L6 416
4 17 197 323
The following part of the inverse matrix has now been calculated:

-1 _
324 -

16 3;13
P
28
323 ]

323

Copying elements according to Eq.(13), we have:

35 _ 72 1 4 1

323 @ 149 31263 323

323 ﬁ 32 3213

323 _@ B _71?
323 @
323

And finally from Eq.(18) we get:

305 _ 72 1
wor v ow P
1 B SE 32 2%8 3243 3213
(1/4) = s By M P
A GO G - (R

323 323 19 323 323

o~
|H

g

Again in preparation of using Eq.(23) to calculate || Bs *(1/4)]|00, We have:

305
t(5) = |Bss' | = =
( ) ‘ 55 | 323
16} 288 305 1/4 360
By, t Tl =2
1) = 1By ] +4(5) ‘d4 323+323 305/288| 323
289 360 1/4 374
t3) = ——
®) 323 T 33 323 ‘18/17 323
288 374 | 1/4 | 376
t(2) = o5 + o2 L
323 ' 323 |17/16] 323
yay - 305, 376 [1/4] 309
©0323 0323 | 1| 323
And then using Eq.(23) we have that the actual row-sums are:
399
1) =t(1
s() =11 = 2
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5(2) = t(2) +t(4) — |Byy | = 348

323

459

3) =t(3) +t(3) — |B3' | = -—

$(3) = 3) + 1(3) — | B3| = 35

So we have: 450
Bl o = ) = ——

And therefore:

459 3 4539 81
w(B5(1/) = [Ba(B)lloe 1B ()l = (121 18]) - 52 =5 o0 = o

which approximately equals 2.1316.

Question 4

The task is to compute the LU-factorization of A10(1.2) = A10(6/5). We first
have that I; = 6/5, and then:

- 6/5 _ . 6/5 30
*T1-6/5-6/5  —11/25 11
o 6/5 __6/5 66
8T 1430/11-6/5  47/11 235
I 6/5 . 6/5 1410
YT 1-66/235-6/5  779/1175 779
I 6/5 . 6/5 4674
T 1-1410/779-6/5  —913/779 4565
- 6/5 o 6/5 27390
0 144674/4565-6/5  50869/22825 50869
I 6/5 o 6/5 305214
T 1-27390/50869-6/5  18001/50869 90005
I 6/5 o 6/5 _ 540030
® T 1-305214/90005-6/5  —1381259/450025 1381259
o 6/5 o 6/5 8287554
® T 1+4540030/1381259-6/5  2029295/1381259 10146475

And for the upper triangular matrix, we first have d; = 1, and then: dy =
—11/25, d3 = 47/11, dy = 779/1175, d5 = —913/779, ds = 50869/22825,
d7 = 18001/50869, dg = —1381259/450025, dy = 2029295/1381259, and finally:

dip =1 — 8287554/10146475 - 6/5 = 1007051 /50732375
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Although these fractions may look intimidating, di¢ is approximately 0.0196,
and the other fractions are also moderate.* Thus, the lower triangular matrix

L10(6/5) for A109(6/5) is then:

1 -
6/5 1
30
B 616
75 L
1410 1
779
4674 1
4565
27390 1
20899 305214 1
90005
540030 1
1381259
8287554 1
L 10146475 -
And the upper triangular matrix Uy(6/5) is:
Tl 6/5 7
11
oo
1175 64?3
T ol
22 o
50869 6/5
_ 1381259 6/5
450025
2029295 6/5
1381259
1007051
L 50732375

Using Matlab, it has been verified that L10(6/5)U10(6/5) = A10(6/5).
Question 5

Entering the matrix A;9(6/5) into MatLab denoted by A, then the command
[L,U,P] = 1u(A) yields the following for L:

1
0 1
0.8333 0.3056 1
0 1
0 1
—0.9191 0.5525 0.5396 1
0 1
0 1
0 1

—0.9979 0.2949 0.7543 —0.9234

4Also note that the numerators and divisors are mutually prime, so the fractions can not
be reduced further.
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and the following for U:

1.2 1 1.2
1.2 1
—1.3056

1.2
—0.3667
1.2

1 1.2
1.2 1
—1.2026

and finally the permutation matrix:

with:

where the matrices are computed with a partial pivoting threshold of 1 by

default.

Counting on P, it clearly takes 7 row-interchange operations to transform P

OO O OO OO OO

into the identity matrix I.

Question 6

If we instead use a pivoting threshold of 0, then there is diagonal (i.e. no)
pivoting. First we need to convert the matrix A in MatLab, to be of the sparse-

matrix datatype:

S = sparse(4)
...
(L,U,P] = 1u(s,0)

OO OO OO O OO

O OO OO OO OO

OO OO RO O O oo
O OO OO O OO O
OO O OO OO OO

PA=LU
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1.2
—0.6475
1.2 1 1.2
12 1 12
121
0.0183 |

O OO R OO O oo
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And we then have the following for L:

M1
1.2 1
—2.7273 1
0.2809 1

1.8100 1

—1.0239
and U is:
1 1.2

—0.44 1.2
4.2727 1.2
0.6630 1.2
—1.1720
2.

1
0.5384

1.2
2287

1
3.3911

1.2

0.3539

—3.0693

—0.3910 1
0.8168

1.2
1.2
1.4692

1 -

1.2
0.0199 |

and the permutation matrix is of course P = I. Note that these are identical
(excluding rounding errors) to the LU-factorization that was performed by hand,

using the customized algorithms above.

Question 7.1

Now the task is to compute the LU-factorization of B1o(6/5), where we have:

lh =—f3=—6/5
85 65 _ 30
>~ 1+6/5-6/5  61/25 61
o—__ 06/ _  __6/5 _ 366
T T 1+430/61-6/5  97/61 485
L 6/5 . 6/5 2910
T 14366/485-6/5  4621/2425 4621
l 6/5 6/5 27726
5= = =

_ 6/5 _
1+ 27726/40565 - 6/5

lg =

27

T 1+2910/4621-6/5

T 8113/4621 40565

6/5

243390

T 369181/202825 369181




6/5 6/5 2215086

=17 243390/369181 -6/5  661249/369181 3306245
L 6/5 o 6/5 _ 19837470
1 + 2215086,/3306245 - 6/5 20821741/16531225 20821741
. 6/5 o 6/5 178930446
1+ 19837470,/29821741 - 6/5 53626705/20821741 268133525

So d; = 1, and dy = 61/25, d3 = 97/61, dy = 4621/2425, d5 = 8113/4621,
ds = 369181/202825, dr = 661249/369181, dg = 29821741/16531225, dy =
53626705/29821741, and finally:

dyp =14 178930446/268133525 - 6/5 = 2414250301/1340667625

Again, these fractions reduce to moderate numbers, e.g. dyg =~ 1.8001. Using the
above numbers, we find that the lower triangular matrix L1¢(6/5) for B1o(6/5)
is:

_ 366 1
485
2910 1
1621
_ 27726 1
10565
_ 243390 1

181
36918 _ 2215086 1
3306245

_ 19837470 1

29821741
_ 178930446 1
L 268133525

And the upper triangular matrix U1(6/5) for B1(6/5) is:

1 6/5
61
s 6/75
o 6/5
4621
4621 ¢ /5
2425 81/13 6/5
4621 369181 6 5
202825 661249 6/5
369181 29821741 6/5
16531225 53626705 6 5

29821741
98217 2414250301

L 1340667625 4

Again, using Matlab it has been checked that L19(6/5)U10(6/5) = B10(6/5).
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Question 7.2

Entering the matrix Byo(6/5) into MatLab as a matrix denoted B, the command
[L,U,P] = 1u(B) results in the following for L:

_ 1 ;
—0.8333 1
—0.5902 1
—0.7546 1
—0.6297 1
—0.6835 1
—0.6593 1
—0.6700 1
—0.6652 1
I ~0.6673 1 |
and U is:
[ —1.2 1 1.2 1
2.0333 1
1.5902 1.2
1.9056 1.2
1.7557 1.2
1.8202 1.2
1.7911 1.2
1.8040 1.2
1.7982 1.2
| 1.8008 |
and the permutation matrix is simply:
o 1.0 0 0 0 0 0 0 07
1 0 0 0 0 0 O 0 0 O
0O 01 0 OO0 0O O0 O
0O 0 o1 00 0 0 0O
p— 0o 0 001 0 0 0 0O
0O 0 0 0O O1T 0 0 0 O
0O 0 0O0o0 01 0 0O
0o 0 000 0 0 1 00
O 0 0 0O OO 0O 0 1 O0
Lo 000 O0O0O0O0O0 1|

which only requires a single row-interchange for it to equal I.
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Question 7.3

Trying diagonal pivoting for Byo(6/5), results in the following for L:

1
—-1.2 1
—0.4918 1
—0.7546 1
—0.6297 1
—0.6835 1
—0.6593 1
—0.6700 1
—0.6652 1

I —0.6673
and the following for U:

M1 1.2 1

2.4400 1.2
1.5902 1.2
1.9056 1.2
1.7557 1.2
1.8202 1.2
1.7911 1.2
1.8040 1.2
1.7982 1.2
I 1.8008 |

both of which also equal the factorization performed by hand, with the special-
ized algorithms.

Question 8

A diagram has to be made, that shows the reciprocal condition number for
A10(8) and Bio(B) for 8 going from 0.01 up to 2.0, in incrementing steps of
0.01.

Algorithm Implementation

The above O(n) algorithm for computing the condition number , has been
implemented in Microsoft Visual .NET C++ and compiles to an MS Windows
executable. The algorithm is implemented in a socalled template class which
allows us to change the datatype for the matrix-elements, without changing the
entire implementation. It is declared as follows:

template <class T> class LMatrixTD { ... }

with T being the abstract datatype used for the matrix-elements. The member-
fields of the class are then:
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const T kBeta; // Value of upper-diagonal elements.
const T kAlpha; // Value of lower-diagonal elements.
const int  kN; // Dimensionality of the matrix.

const bool kNegativeLower; // Whether kAlpha = -kBeta or kBeta.

T *mL ; // The l-vector.

T *mD ; // The d-vector.

T *mInvDiagonal; // The diagonal of the inverse matrix.
T *mRowSumAbs ; // The temporary row-sums.

The function for computing the LU-factorization is:

void LUQ)

{
mL[0] = kAlpha;
mD[0] = 1;

for (int i=1; i<kN-1; i++)
{
mD [i]
mL [1i]

1 - mL[i-1] * kBeta;
kAlpha / mD[i];

}

mD[kN-1] = 1 - mL[kN-2] * kBeta;
}

And the function for computing the diagonal of the inverse matrix is:

void InverseDiagonal()

{
// Create the diagonal
mInvDiagonal [kN-1] = 1/mD[kN-1];
for (int i=kN-2; i>=0; i--)
{
mInvDiagonal[i] = (1 + kBeta * mL[i] * mInvDiagonall[i+1])
/ mD[i];
}
}

And these are then used in the function for computing the infinity-norm of the
inverse matrix:

T InverseNorm()
{

// First compute the LU-factorization.
LUO;
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// Then compute the inverse’s diagonal.
InverseDiagonal();

int 1i;
mRowSumAbs [kN-1] = std::fabs(mInvDiagonal [kN-1]);
// Calculate the row sums from the diagonal and elements

// to the right.
for (i=kN-2; i>=0; i--)

{
mRowSumAbs [i] = std::fabs(mInvDiagonall[i])
+ mRowSumAbs [i+1]
* std::fabs(kBeta / mD[i]);
}

T max = mRowSumAbs[0];

for (i=1; i<std::ceil((double)kN/2); i++)

{
// Note the index-change because C++ indexes from 0 to n-1
int otherIndex = kN-i-1;
T totalRowSum = mRowSumAbs[i] + mRowSumAbs[otherIndex]
- std::fabs(mInvDiagonall[i]);
if (totalRowSum>max)
max = totalRowSum;
}

return max;

}

The function for computing the infinity-norm of the matrix itself, is of course:

T Norm() { return 2*std::fabs(kBeta) + 1; }

Main Program

In the file na_examl. cpp that holds the entry-point for the program, the follow-
ing is also defined:

typedef double FTYPE;

which means that we use double-precision floating point numbers in the object-
instantiations below. First however, we need to know whether to use a matrix
of type A, (8) or B, (8), that is, whether the lower-diagonal should be negative
or positive, this is done in the following:
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int input;

std::cout << "Use negative lower part (0 for positive,
1 for negative): ";

std::cin >> input;

bool negativeLower = (input != 0);

The loop for calculating the condition number with incrementing ( is then:
int i;

for (i=0; i<2.0/0.01; i++)

{
FTYPE beta = (i+1)*0.01;

if (beta '= 1)
{
NA: :LMatrixTD<FTYPE> matrix (10, beta, negativeLower) ;

std::cout << beta << " " << 1/matrix.Cond() << std::endl;

}

where it should be noted that the LMatrixTD-class could easily have been im-
plemented in a manner where only 8 was changed, thus alleviating the need to
construct and destruct the object on each iteration of the loop. Furthermore,
this way of incrementing an integer counter and then calculating 3 from that,
ensures that the floating-point number for 8 does not drift due to rounding
errors, as it would if it was accumulated as follows:

for (FTYPE beta=0.01; beta<=2.0; beta+=0.01)
{

}

in which case the condition (beta != 1) would always be true, and the loop
would not execute for § ~ 2, again because rounding errors would cause the
variable beta to go from approximately 1.9 to slightly more than 2.0.

The results are shown in figures 1 and 2, from which it can be seen that
1/k(A10(B)) is more erratic and also lower than it is for Byg(/3), which means
that A10(3) has a greater tendency to be ill-conditioned, whereas the condition
of B1o(8) degrades more gracefully with increasing f.

Question 9
Another diagram is to be made, this time of the reciprocal condition number

for A,(1.2) and B,(1.2) with n going from 5 up to 20 in incrementing steps of
1. The solution is similar to that for question 8, only the loop is now:
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Figure 1: The reciprocal condition number for A;¢(5).

for (int i=5; i<=20; i++)
{
NA::LMatrixTD<FTYPE> matrix(i, 1.2, negativeLower);

std::cout << i << " " << 1/matrix.Cond() << std::endl;
}

It would be possible to develop specialized formulae for mathematically ad-
justing the results of one matrix to those of the same matrix with one more
dimension. But since the algorithms are so efficient, there is no present need to
develop such identities.

The results are shown in figures 3 and 4, which clearly have the same ten-
dencies as figures 1 and 2, namely that B,,(1.2) is better conditioned and more
predictable than A, (1.2) with varying n.

Conclusion

It was shown that significant reductions were possible in the time- and space-
complexities of certain matrix operations for these specific kinds of matrices.
Although the algorithms were developed from scratch, they are believed to have
been previously discovered elsewhere, as the computational field of linear algebra
is widely studied.
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Figure 2: The reciprocal condition number for Bio(3).

However, it is also believed that if explicit expressions could be found instead
of the recursive Eq.(3) (and hence also Eq.(4)), then further reductions of the
time complexity could be achieved, possibly even obtaining O(1) algorithms (i.e.
mathematical expressions) for computing the matrix-norm, condition number
K, elements of the inverse, as well as the LU-factorization.
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